Indexing and Statistical Arbitrage

Tracking error or cointegration?

Carol Alexander and Anca Dimitriu

ollowing the seminal work of Markowitz [1959],

Sharpe [1964], Lintner [1965], and Black [1972],

the fundamental statistical tool for traditional

portfolio optimization is correlation analysis of
asset returns. Optimization models for benchmark repli-
cation focus on minimizing the variance of the tracking
error, with additional constraints concerning the corre-
lation of the portfolio returns with the benchmark
returns, or the transaction costs involved in rebalancing
the portfolio.

There are a number of drawbacks to optimization
models based on tracking error or on correlation mea-
sures, especially in application to a passive investment
framework. First, minimizing tracking error with respect
to an index that as a linear combination of stock prices
entails a significant amount of noise may result in a port-
folio that is very sample-specific and unstable under
volatile market circumstances.

Additional limitations relate to the very nature of cor-
relation as a measure of dependence; it is applicable only
to stationary variables such as stock returns, so the method
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prising that most applied financial econometric analyses
employ a different tool for modeling dependencies
between time series. Among economists, cointegration has
gained far wider acceptance than correlation. Granger’s
[1966] influential work has engendered a vast academic
literature in this area, and earned him the Nobel Prize in
2003.

Cointegration is an extremely powerful statistical tool
that, in a sense, generalizes correlation to non-stationary
time series. Cointegration allows simple estimation meth-
ods such as least squares regression or maximum-likelihood
to capture dependencies between non-stationary series
such as stock prices, while still encompassing the dynamic
correlation of the associated stationary series such as stock
returns.

The fundamental characteristic that justifies the
application of cointegration to a set of stock prices is that
they can share a common stochastic trend (see Stock and Wat-
son [1988]).? In this case, there is cointegration when there
is at least one stationary linear combination of their prices,
or, simply put, there is mean reversion in their price
spreads. The finding that the spread in a system of prices
is mean-reverting does not provide any information for
forecasting the individual prices in the system, or the
position of the system at some time in the future, but it
does provide the valuable information that, irrespective of
the position of the system, the prices will stay together on
a long-run basis.

The cointegration approach to portfolio modeling,
introduced by Alexander [1999], enables use of the entire
information set in a system of stock prices. Since prices
are long-memory processes, cointegration is able to explain
their long-run behavior (Granger and Terasvirta [1993]).

The rationale for constructing portfolios based on a
cointegration relationship with a benchmark rests on two
main features. First, the price difference between the
benchmark and the portfolio is, by construction, station-
ary, and this implies that the tracking portfolio will be tied
to the benchmark in the long run. Second, stock weights,
based on a long history of prices, will have more stability.
These properties are the result of making full use of the
information in stock prices prior to their detrending.

Correlation-based tracking strategies, however, are
based on only partial information, and there is no mech-
anism ensuring the reversion of the portfolio to the
benchmark over the longer term. If the price spread fol-
lows a random walk process, for example, the porttolio
can diverge significantly from its benchmark, unless it is
frequently rebalanced. Thus hedging strategies based on
cointegration that focus on common trends only may be
more effective in the long run.
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Considering the important comparative advantages
of using cointegration rather than correlation to optimize
equity portfolios, it should be possible to exploit a long-
run relationship between equity prices and the market
index price, if found, to construct trading strategies. Such
evidence is provided by Alexander, Giblin, and Wed-
dington [2001], who investigate the performance of dif-
ferent long-short strategies developed in the S&P 100 stock
universe. This application implies an extensive search for
the best long-short combination over a large number of
portfolios constructed on cointegration relationships and
optimized on different model parameters such as training
period, targeted tracking error, and number of assets in
the portfolio. The results, even if based on a black box
selection algorithm, indicate that cointegration-based
optimization can ensure stable alpha, with low volatlity
and no correlation with market returns.

In another application of cointegration analysis to
investment management that is particularly relevant to our
line of research, Lucas [1997] considers the optimal asset
allocation problem in the presence of cointegrated time
series. Using an asset allocation problem with a risk-
averse investment manager, Lucas shows that cointegrat-
ing combinations of time series have lower long-term
volatility than their non-cointegrated counterparts. From
a short-term or tactical asset allocation perspective, coin-
tegration implies that the price series have an error-cor-
recting behavior, allowing the anticipation of future
developments. According to Lucas’s results, the presence
of cointegration relations also has important consequences
for the short-term predictability of asset prices.

Clearly, the presence of cointegration relationships
has a number of significant advantages for a trading strat-
egy. To our knowledge, though, there are no rigorous aca-
demic studies that compare the theoretical and empirical
properties of cointegration-based portfolios with tradi-
tional optimization models, such as tracking error vari-
ance minimization. We attempt to remedy this.

We find that cointegration-optimal tracking port-
folios have a strong relationship to the benchmark, and the
resulting statistical arbitrage portfolios clearly dominate
their traditional equivalents.

COINTEGRATION MODEL FOR INDEX
TRACKING AND STATISTICAL ARBITRAGE

Optimization models for active investments are gen-
erally more diverse and more sophisticated than those for
passive investments, and these two categories often have
little in common. Our approach is to extend index repli-
cation, a traditional passive investment strategy, into an
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active strategy. Assuming we can find an appropriate repli-
cation model, the passive strategy 1s extended by con-
structing portfolios to track artificial indexes, such as
index-plus and index-minus, and trading on their spread.
This is a standard statistical arbitrage strategy based on
enhanced indexation.

Cointegration-Optimal Index Tracking

Cointegration-optimal portfolios are the tracking
portfolios that are constructed on a cointegration rela-
tionship with a benchmark. The price difference between
the tracking portfolio value and the benchmark, the price
spread, is stationary only for a cointegration-optimal port-
folio. Of the two stages in portfolio optimization, i.e.,
selecting the stocks to be included in the portfolio and then
determining the optimal portfolio holdings in each stock,
cointegration optimality is primarily a property of allo-
cation rather than selection. That is, the optimization
problem is: Given a set of assets S,, ..., S , what is the allo-
cation between these assets that gives the highest possi-
ble cointegration with the benchmark?

Having said this, the selection process can have a dra-
matic effect on the results of the optimization and con-
sequently the tracking performance of the portfolio. It is
easy to find strong and stable cointegrating relationships
for some stock selections but more difficult for others. An
important consideration 1s the number of stocks selected.

For instance, the portfolio of all stocks is trivially
cointegrated with the reconstructed index (i.e., the index
based on current weights).” As fewer stocks are included
in the portfolio, cointegration relationships between the
tracking portfolio and the benchmark become less stable,
and indeed some portfolios may outperform or under-
perform the index significantly. Below some critical num-
ber of stocks, cointegration may be impossible to find.

Managers who seek to outperform an index will
select proper subsets of the index stocks, but a simply
mechanical stock selection procedure can be very time-
consuming. To see why, suppose an index has N stocks
and that at least n stocks are required for a stable cointe-
grating vector. Then a mechanical search would typically
consider a very large number of portfolios—in fact, NI/(N
— n)!n! portfolios—as candidates for backtesting.

In any case, portfolio managers may prefer to select
stocks according to a particular style of investing. Or
stock selection can be the result of a proprietary selection
model, technical analysis, or just the stock-picking skills
of a portfolio manager. Some stock selection criteria will
be more consistent with cointegration optimality than oth-
ers. Some stock selection criteria will be more likely to
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produce portfolios with positive (or negative) alpha.

However critical, the selection process does not
impose any special features on the cointegration opti-
mization problem. We illustrate the difference between
cointegration and tracking error variance allocation meth-
ods, given an identical set of stocks in the two portfolios,
50 here we apply only a naive approach to stock selection.
Whenever possible, however, we do separate the effect of
the stock selection criteria from the effect of the opti-
mization method on the portfolio performance.

The second stage of constructing cointegration-
optimal tracking portfolios is to determine the portfolio
holdings in each of the selected stocks. This stage is based
on a standard cointegration regression of the market index on
a number of n stocks from its components:*

In(l,) = ¢, + 3.couln(P,) + €, (1)
k=1

where 1 is the index price, and P, is the k-th stock price
at time r.

Note that the stocks must be selected so that the
regression weights yield a price spread between the port-
folio and the index & that is stationary. In practice, as men-
tioned above, this entails choosing a high enough n. Since
equity indexes are just linear combinations of stock prices,
a stationary price spread can be easily obtained, provided
that n is sufficiently large and, if the index is capitaliza-
tion weighted, that the number of stocks in each issue is
relatively stable.

The model specification in Equation (1) is not
unique because the cointegration regression can also be
estimated on level rather than (natural) log variables. The
log variables specification has the advantage that when we
take the first difference of (1) the expected return on the
index will equal the expected return on the tracking
portfolio. Moreover the estimated coefficients in Equa-
tion (1), further normalized to sum up to one, will pro-
vide the composition of the tracking portfolio.

The most general form of the model uses an ordi-
nary least squares (OLS) criterion to estimate the stock
coefficients. Note that the application of OLS to non-sta-
tionary dependent variables such as the log index price is
valid only in the special case of a cointegration relation-
ship. The residuals in (1) are stationary if, and only if, the
index and the tracking portfolio are cointegrated. If the
residuals from the regression are non-stationary, the OLS
coefficient estimates will not be consistent, and further
inference will not be valid. Therefore testing for cointe-
gration is an essential step in constructing cointegration-
optimal tracking portfolios.
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We use the Engle and Granger [1987] methodology
for cointegration testing, which is particularly appealing
for portfolio optimization because of its intuitive and
straightforward implementation.® The cointegration aug-
mented Dickey-Fuller (ADF) [1979] regression estimated
on the residuals of the cointegration regressions is:

P
A8, =¥ _ + DoAE  +u, 2
=l

The null hypothesis tested is of no cointegration, i.e.,
¥ = 0, against the alternative of ¥ < 0. The critical values
for the t-statistic of ¥ are obtained using the response sur-
faces provided by MacKinnon [1991].

If the null hypothesis of no cointegration is rejected,
the cointegration-optimal tracking portfolio based on
OLS estimation of Equation (1) is expected to have very
similar returns to the market index. That is, cointegration
ensures that the price spread between the portfolio value
and the benchmark is a mean-reverting process with min-
imum volatility.

Note that a high-dimensional system of stocks is
likely to exhibit some cointegration relationships purely
by chance. This parallels the findings of Plerou et al.
[2002] and others that correlation matrices based on
financial asset returns often have a high degree of ran-
dommess.

For instance, when a system of asset returns is inde-
pendently shuffled in time, i.e., each series is shuffled sep-
arately from the others, the resulting random correlation
matrix is very likely to have some significant eigenvalues.
Similarly, when prices are compounded from this shuf-
fled system of returns, some spurious cointegration rela-
tionships are likely to be found. This indicates that a
single test, like the ADF statistic or one of the Johansen
[1991] tests, may not by itself be capable of discriminat-
ing between genuine and spurious cointegration.

One might argue that since the benchmark is just a
linear combinadon of those and other stock prices, select-
ing enough stocks from the benchmark will ensure that
any cointegration relationship between the tracking port-
folio and the benchmark represents a genuine equilibrium.
A formal check of this hypothesis would be recom-
mended. Standard cointegration tests can and should be
supplemented by additional criteria that are capable of sup-
porting cointegration as a stable property of multivariate
time series.

Proposing a set of formal criteria to discriminate
between genuine and spurious cointegration in high-
dimensional systems is beyond the scope of this article.
Rather, we simply point out several candidates for such
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criteria. A natural candidate is the stability of cointegra-
tion coefficients as the portfolio is rebalanced. A spuri-
ous cointegration vector is likely to fail a stability test
because the coeflicients of random equilibrium vectors will
be highly variable on rolling sample estimation.

Second, the presence of many cointegration vectors
should be an indication of a genuine relationship—it may
be possible to find by chance one or even a few cointe-
grating vectors, but it is virtually impossible to find many
cointegrating vectors simply by chance.

Third, the range of active weights (the difference
between the tracking portfolio weights and the benchmark
weights) 1s a common indication of spurious cointegration.
A genuine cointegration relationship should not imply
many extreme exposures to individual stocks, yet spurious
cointegration relationships such as those found on shuffled
price series will often violate normal position limits.

Cointegration tests applied to constrained portfolios
are therefore a reliable indication of a genuine cointe-
gration relationship, and spurious relationships will rarely
show significant cointegration once concentration con-
straints have been imposed.”

Long-Short Cointegration-Optimal Portfolios

A natural extension of the simple cointegration
tracking strategy presented above is to exploit the track-
ing potential of cointegration, attempting to replicate
enhanced benchmarks constructed by adding to and sub-
tracting from the index returns an annual excess return
of 0%, uniformly distributed over daily returns. Then, self-
financing statistical arbitrage portfolios can be set up as a
difference between two portfolios tracking a plus and a
minus benchmark. This statistical arbitrage is expected to
generate returns according to the plus/minus spread with
low volatility. Moreover, if each plus and minus portfo-
lio is tracking its benchmark accurately, and their track-
ing errors are not correlated with the market returns,
statistical arbitrage will give a market-neutral portfolio (the
effect of netting similar betas).

The new cointegration regressions can be written as:

In(l)) = a + Y.a.,In(P,) + & (3)
k=i

In(I,) = b + Y bIn(P,) + & (4)
k=l

Naturally it will become more difficult to construct
cointegrated portfolios, the more the benchmark diverges
from the index. The cointegration relationship between
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the market index and its component stocks has a solid
rationale, but this is not necessarily the case for portfo-
lios tracking artificial benchmarks, which might con-
ceivably be chosen to outperform the market index by
50%. In this case, the difficulty of finding an appropriate
cointegration relationship would lead to an increased
instability of stock weights, higher transaction costs, and
higher volatility of returns. To avoid this, it is essential to
ensure that all the portfolios tracking plus or minus bench-
marks pass the cointegration test.

Note that stock weights need not be restricted to be
positive in the tracking portfolios. In fact, it is likely we shall
take some short positions in the portfolio tracking the minus
benchmark. The stock holdings in the cointegration-optimal
statistical arbitrage portfolio are obtained by netting their
individual weights in the plus and minus portfolios.

Tracking Error Variance (TEV)
Minimization Model

We compare the performance of cointegration-
optimal portfolios with portfolios that are optimized using
the standard tracking error variance (TEV) minimization
model of Roll [1992].” The tracking error variance min-
imization model can be written as:

= k}:cm, +1, (5)
=}

where r, is the log return on the index at time 1, 1, is the
log return on the stock k at time ¢, and 7], is the tracking error.

The analytic solution of Roll [1992] is not applica-
ble for portfolios with only a subset of the stocks in the
benchmark. Instead, the allocations are estimated using a
numerical optimization to minimize the variance of the
tracking error subject to the constraints of zero expected
tracking error and a unit sum on the coefficients.

The main difference between Equations (1) and (5)
concerns the objective of the index tracking strategy. In the
first case, it is the (squared) price spread between the replica
portfolio and benchmark that is minimized, while in the sec-
ond it is the {(squared) change in this spread (i.e., the return).
This seemingly innocuous difference actually results in quite
different rracking error characteristics. With cointegration,
the values of the index and the tracking portfolio are tied
together; with TEV optimization, the value difference can
diverge significantly before returning to zero.

To illustrate this, we use a three-year daily data sam-
ple from the Dow Jones Industrial Average (DJIA) stocks.
Exhibit 1 compares the in-sample price spread between
the index and the tracking portfolio optimized according
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to Equations (1) and (5). By construction, the spread
between the cointegration tracking portfolio and the
index must be both mean-reverting and low-variance. The
TEV criterion, however, targets the return spread, not the
price spread. The price spread shown in Exhibit 1 (which
is typical for TEV portfolios) moves quite far before
returning to zero. In-sample, the price spread must return
to zero by definition of OLS, but out-of-sample, the
price spread of the TEV optimal portfolio need not return
to zero after a period of time. This may happen because
there is nothing in the TEV model to ensure that the price
spread is mean-reverting.

This simple example shows that, in theory, cointe-
gration-based index tracking is more appropriate than stan-
dard tracking error variance minimization—or indeed
any other traditional strategy that is based on return opti-
mization rather than price optimization.

DYNAMIC PERFORMANCE
TESTING METHODOLOGY

We investigate the empirical properties of cointe-
gration-optimal portfolios using a database of daily clos-
ing prices over the period January 1990-December 2003
for the stocks in the Dow Jones Industrial Average index
as of December 31, 2003. As a benchmark we use a DJIA
historical series reconstructed to match the last available
membership of the index. By doing this, we compare the
performance of portfolios comprising the stocks currently
included in the DJIA with a market index constructed from
the same stocks. The use of the reconstructed index ensures
consistency in the treatment of dividends and stock splits
(both index and stock prices are adjusted for dividends and
stock splits) and eliminates a potential survivorship bias.*
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The 30 stock price series were downloaded from
yahoo-financial.com and any missing observation was
replaced by the last closing price available for that partic-
ular stock. As expected, according to standard unit root tests
such as (2), all stock price series proved to have significant
stochastic trends, but the associated returns series were
clearly stationary, thus satisfying the conditions for cointe-
gration analysis.

To test the performance of different cointegration
portfolios, we generate optimal portfolios based on dif-
ferent parameters: number of stocks in the tracking portfolios
(20, 25, and 30 stocks, selected according to their price
ranking, starting with the highest-priced stocks); calibra-
tion period (up to five years of daily data prior to the
moment of portfolio construction); model specification—
with or without constraints on the portfolio weights;
rebalancing period (every two weeks, monthly, every three
months, and every six months); and the spread between
the benchmarks tracked (up to 30% per year).

The first cointegration-optimal tracking portfolios
are constructed in January 1993. All portfolios are rebalanced
at the given frequency, with stock selection based on the new
stock rankings and optimal weights based on the new coef-
ficients of the cointegration regression. At each rebalanc-
ing, the cointegration regression is reestimated over the
rolling fixed-length calibration period preceding the rebal-
ancing time. The number of shares held in each stock is
determined by the previous portfolio value, the current stock
price, and the stock weight in the cointegration regression.
In between rebalancings, the portfolios are left unmanaged,
i.e., the number of stocks is kept constant. We follow exactly
the same process for the TEV optimal portfolios.

To account for the impact of the bid-ask spread
and brokerage fees on the portfolio returns, we assume a
fixed amount of 20 basis points in transaction costs on each
trade value. This is in line with other research on trans-
action costs incurred on the New York Stock Exchange
(Chalmers, Edelen, and Kadlec [1999]; “Comparing Bid-
Ask Spreads on the NYSE and Nasdaq” [2001]).

The repo costs are normally low so these are com-
puted at 0.25% of the increase in the short position in a
bull market for a particular stock (defined as an increase
in price over the last ten trading days) and at 0.35% on
the same amount in a bear market for that particular
stock (defined as a decline in price over the last ten trad-
ing days). These cost levels are conservative, given the fact
that DJIA stocks are known to be very liquid, and their
trading has little market impact. In any case, we are inter-
ested primarily in the comparative effect of transaction
costs on different strategies, and on a relative basis the par-
ticular cost rate we choose is less important.
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INDEX TRACKING

The first target of our empirical analysis is the out-
of-sample perfarmance of the two approaches to index
tracking, using the cointegration model specification in
Equation (1) and the TEV model specification in Equation
(5). We start the analysis with a standard two-week rebal-
ancing frequency and no constraints on the portfolio
weights, and subsequently extend it to other rebalancing
frequencies and introduce constraints.

Number of Stocks and Calibration Period

We first note that the degree of cointegration between
the cointegration-optimal tracking portfolio and the bench-
mark increases with the number of stocks in the portfolio
and marginally with the sample size. A number of portfo-
lios with either too few stocks (fewer than 20 stocks) or
weights based on a too-short calibration period (one or two
years) proved not to be sufficiently cointegrated with the
market index, so we exclude them from the analysis fol-
lowing. Second, note that none of the TEV optimal port-
folios is cointegrated with the benchmark, whatever the
number of stocks included. They all have non-stationary in-
sample price spreads, such as that illustrated in Exhibit 1.

Once the minimum calibration period (of about
three years) for ensuring cointegration is used, increasing
it has little impact on the tracking performance of the
cointegration-optimal portfolios. For reasons of space,
we focus on a calibration period of three years. To allow
a ceteris paribus comparison, we must use the same cali-
bration period for the tracking error variance model.

In an independent application of TEV to portfolios
with relatively few stocks, the calibration period could be
shorter than three years, so that the non-stationary price
spread (such as that illustrated in Exhibit 1) becomes less
of a problem. Apart from a better in-sample model spec-
ification, though, shorter calibration periods result in TEV
portfolios that are more sample-specific, have a less stable
structure, and require more frequent rebalancing.

Exhibit 2 reports summary statistics for the cointe-
gration- and TEV-optimal tracking portfolios of different
numbers of stocks based on a calibration period of three years,
over the 1993-2003 period. For each new tracking portfo-
lio (TP), we report the average annual tracking error (after
transaction costs), its volatility, the correlation of the track-
ing portfolio returns with the benchmark returns, the cor-
relation of the tracking error with the benchmark returns,
the skewness and excess kurtosis of the tracking error, the
in-sample ADF statistic for the cointegration regression, the
average annual transaction costs, the Sharpe ratio of the
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tracking portfolios after transaction costs, the track-
ing portfolio beta, and the empirical probability of
observing a negative tracking error.

Optimization Alpha

The first observation is that the tracking port-
folios of 20 and 25 stocks underperform the bench-
mark, even before transaction costs, while the
30-stock portfolios consistently outperform it. This
is true for both models.

Exhibit 3 plots the cumulative returns of the
tracking portfolios of 30 stocks. While the out-
performance of the 30-stock portfolios is clearly
generated by the optimization models, the under-
performance of the 20- and 25-stock portfolios can
be caused either by the stock selection method or
by the optimization algorithm.

To distinguish between these possibilities, we
construct a simple price-weighted index20 portfolio
of the same 20 (or 25 or 30) stocks that are selected
for the tracking portfolios. Then the difference
between the index20 (or index25 or index30) port-
folio and the corresponding tracking portfolio is due
only to the optimization of allocations.

During the calibration period, the index20
portfolio outperforms the index30 portfolio on aver-
age by 1% in annual terms, over the period 1993-
2003.” Also, the index25 portfolio outperforms the
index30 portfolio by 0.7% per year on average. Out-
of-sample, over a ten-day no-trading horizon, the
index20 and index25 portfolios significantly under-
perform the index30 by 3.3% (respectively, 2.0%) on
average in annual terms.

On the one hand, this is evidence of mean
reversion in stock returns.'” On the other hand, for
the purpose of our analysis we can conclude that the
underperformance of 20- (or 25-) stock tracking
portfolios is not due to the optimization models, but
is a result of the stock selection criterion used. After
transaction costs, the optimized portfolios have less
tracking error, in absolute terms, than the under-
performance of the index20 and index25 portfolios.
Thus, both cointegration and TEV optimization
models enhance the returns of tracking portfolios over
the price-weighted portfolio of the identical stocks.

We show in Exhibit 4 that this outperfor-
mance is not uniform over the sample. The coin-
tegration- and the TEV-optimal portfolios of all 30
stocks outperform the reconstructed DJIA index in
our out-of-sample tests over 1993-2003, but with
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B. Constrained Weights
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EXHIBIT 2
Tracking Performance of Cointegration-Optimal and TEV Portfolios
Cointegration
Average annual TE
Tracking error annual
ADF statistic
Prob(TE<0)
Prob(TE<0)

TEV

the exception of the year 1994, outperformance
occurred during the main market crisis periods:
the Asian crisis, the Russian crisis, and the tech-
nology market crash. Why should this be so?

The answer is that the tracking portfolio
weights are constructed on a relatively long cal-
ibration period so they tend to ignore short-term
movements in stock prices, although these are
immediately accounted for in the price-
weighted index structure. This results in track-
ing error, which nevertheless mean-reverts when
prices mean-revert. If in addition to mean rever-
sion in prices there is a marked asymmetry (in
that prices fall faster than they rise), the gains in
the price spread will outweigh the losses.

If we take the example of a stable trending
market where the prices of certain stocks increase
well above their historical average, then the track-
ing portfolio weights lag behind the index weights,
and consequently generate relative losses for the
tracking portfolios for as long as the trend con-
tinues. Then when the prices of these stocks
revert to their historical equilibrium levels, the
tracking portfolios, as still underweighted on
them, realize relative gains.

In some cases (such as during market crash
periods), the gains are more significant than
the losses. This is due to the asymmetry of
stock markets; it is well documented that stock
prices usually fall more rapidly than they rise."
When prices increase slowly, they allow the
tracking portfolios to adjust to the new infor-
mation, and to track the benchmark reasonably
well. When prices fall suddenly, the tracking
portfolios, with weights that are lagging the
market weights, realize large gains. In Alexan-
der and Dimitriu [2005], we provide further
analysis of this effect.

It is notable that the cointegration-opti-
mal tracking portfolio consistently underper-
formed the benchmark during the years
2001-2003. We discuss this later when we
examine the statistical arbitrage performance
of the two strategies.

Comparison of Cointegration
and TEV Tracking Portfolios

We have seen that the out-of-sample per-
formance of the cointegration-optimal and
tracking error variance portfolios is very simi-
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EXHIBIT 3

Cumulative Out-of-Sample Returns on DJIA,

Cointegration-Optimal, and TEV Tracking Portfolios
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ExXHIBIT 4

Cumulative Out-of-Sample Tracking Error of 30-Stock
Cointegration-Optimal and TEV Tracking Portfolios

0.16 -
fy

A

o
el e
g

0.12 4

et =

0.08
g

0:04 +—f—~—— —_
fl\f‘ — TE coint

h TE TEV

-0.04 —
Jan-93

Jan-95 Jan-97 Jan-99 Jan-01 Jan-03

lar. Even though in-sample the cointegration portfolio is
tied to the benchmark while the TEV is not, both mod-
els produce returns that are very highly correlated with
the benchmark out-of-sample. The tracking errors are
uncorrelated with the market, and the tracking portfolio
betas are very close to one.

Both portfolios generate a positive alpha when the
effect of stock selection is neutralized (illustrated in Exhibit
4), and throughout most of the sample period the cumula-
tive tracking error from the cointegration-optimal model is
well above that of the TEV model, although the opposite hap-
pens during the last three years of the sample. As one would
expect, since the TEV portfolios are specifically constructed
to minimize the variance of the tracking error, the TEV
portfolios have lower tracking error volatility.

The TEV portfolios generate marginally lower trans-
action costs, and they also have slightly better Sharpe
ratios. The tracking error, however, has a distribution
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closer to normality, with less excess kurtosis, in the case
of the cointegration-optimal portfolios. Also, the proba-
bility of underperforming the benchmark is in general
marginally lower for the cointegration-optimal portfolios.

Clearly, the extra feature of cointegration with the
benchmark can be achieved at no significant cost for the
tracking portfolio. In this simple index tracking exercise,
with no weight constraints, no significant advantages or
limitations of a cointegration relationship with the bench-
mark are empirically evident.

Rebalancing Period and Weight Constraints

The investigation of transaction costs in Exhibit 2,
Panel A, is essential for understanding the characteristics
of optimized tracking portfolios. For both models, the
transaction costs decline significantly as the number of
stocks in the tracking portfolios rises. In fact, this is sim-
ply the stock selection effect. As at each rebalancing we
select the first k stocks according to their price, and then
optimize the portfolio to replicate the index, as the com-
position of the first k stocks group changes, the portfo-
lio weights will also change significantly.

One way to reduce the transaction costs is to lengthen
the rebalancing schedule. Given the length of the calibra-
tion period used to optimize the tracking portfolios, rebal-
ancing less often should not hurt tracking performance
dramatically. Indeed, the results in Exhibit 2, Panel A, show
that, as rebalancing is reduced to as few as two times per
year, the tracking portfolios constructed with both mod-
els continue to perform well. The correlation of the track-
ing portfolios with the benchmark continues to be very
high, while the Sharpe ratios of the tracking portfolios are
maintained. In fact, the average tracking error gross of trans-
action costs declines slightly when we rebalance less often,
but the transaction costs are significantly lowered, as is the
volatility of the tracking error.

It is important to note that robustness to curtailing
rebalancing arises for different reasons. In the cointegra-
tion portfolio, it is driven by the stability of the cointe-
gration relationship; for the TEV model, it is the result
of using a long calibration period. With a shorter cali-
bration period, as one could use in an independent appli-
cation of TEV, we have found that the portfolio structure
is much less stable, and overall performance deteriorates
markedly with longer rebalancing intervals.

Finally, what is the effect of imposing no short sales
and concentration constraints on the tracking portfolio
weights? Such constraints are widely used in practice by
mutual funds and other institutional investors.

Our first observation is that in the presence of such
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constraints, we still find cointegration relationships between
the tracking portfolios and the benchmark, and the price
spread for the tracking error variance portfolios remains
non-stationary. Indeed, given the results in Exhibit 2, Panel
B, the alpha tends to rise in the presence of constraints for
both models, at the expense of slightly higher tracking error
volatility. The correlation of the tracking portfolios with
the benchmark remains very high, and overall the Sharpe
ratios of the tracking portfolios are slightly improved.

The main benefit of imposing constraints turns out
to be in terms of excess kurtosis, which is significantly
reduced. This is consistent with the finding of Jagan-
nathan and Ma [2003] that imposing constraints can lessen
model errors arising from outliers in the sample.

To conclude, the empirical performance of the
cointegration index tracking model is very similar to that
of the traditional TEV-minimizing model. When the
impact of the selection criteria is neutralized, both mod-
els enhance the performance of the benchmark. When we
measure performance relative to a reconstructed index of
the same stocks and thus exclude the possibility that sur-
vivorship bias or dividend effects have influenced our
results, we still find that both models produce a significant
positive tracking error out-of-sample and better Sharpe
ratios than the benchmark, even after transaction costs.

We have explained why the periods responsible for
the greatest part of the positive tracking error coincide
with the main market crises during our data sample, the
Asian and Russian crises and the burst of the technology
bubble. Tracking performance is shown to be robust to
imposing weight constraints and reducing rebalancing.

These results are thus of great relevance for institu-
tional investors such as mutual index funds.

STATISTICAL ARBITRAGE STRATEGIES

To examine the performance of the cointegration-
optimal statistical arbitrage model, for reasons of space, we
do not consider the effect of the stock selection criteria
and use all 30 stocks in each portfolio. We also impose no
constraints on the portfolio weights. Statistical arbitrage
implies very dynamic portfolio management, so we assume
the highest rebalancing frequency in the tracking simula-
tions, i.e., every ten trading days. Also, we consider only
portfolios based on a three-year estimation period (although
fine-tuning these model parameters can improve the strat-
egy performance significantly).

As a basis for tracking, we create six plus/minus
benchmarks by adding and subtracting annual returns of
5%, 10%, and 15% to and from the reconstructed DJIA
returns, uniformly distributed. Then, using both the
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cointegration and the tracking error variance models, we
construct portfolios to track these artificial indexes. Even
though the artificial benchmarks diverge significantly
from the actual index values (up to plus or minus 15%
annually), we are still able to find portfolios that are coin-
tegrated with them. The price spreads between the coin-
tegration-optimal tracking portfolios and their artificial
benchmarks prove to be stationary. Finally, we set up sta-
tistical arbitrage strategies that are long on the plus track-
ing portfolios and short on the minus tracking portfolios.

The summary out-of-sample performance results for
the two statistical arbitrage strategies over the 1993-2003
period are presented in Exhibit 5, Panel A. For both
models, the best performance is produced by strategies
tracking narrow spreads, such as plus 5% hedged with the
portfolio tracking the actual benchmark. As the spread
between the benchmarks tracked widens, the returns are
significantly more volatile, without the compensation of
additional returns,

Panel A actually shows a negative relationship
between the long-short portfolio returns and the spread
between the benchmarks tracked. This is the combined
effect of higher transaction costs and increased volatility.
Portfolios tracking wide spreads tend to assume more
aggressive positions. Before transaction and repo costs, the
arbitrage returns are substantially higher when tracking
large plus or minus spreads. As the degree of cointegra-
tion lessens, the stock weights become more unstable,
which results in higher transaction and repo costs.

Another notable feature is that the minus portfolios
tend to be more volatile than their plus equivalents.

Both cointegration and TEV models exhibit low
unconditional correlation with the market returns and
close-to-normal return distributions, with negative but not
significant skewness and excess kurtosis in the range of 1
to 2, much lower than that of the market index.

The most important finding in Exhibit 5, Panel A,
is that the cointegration-optimal portfolios clearly dom-
inate the TEV statistical arbitrage portfolios. As expected,
the TEV portfolios are generally less volatile, but they also
have much lower returns, and this results in lower Sharpe
ratios. In fact, the great majority of TEV statistical arbi-
trage portfolios actually generate negative average returns,
while most of the cointegration-based statistical arbitrage
portfolios have positive average returns. Also, the TEV
portfolio returns are slightly more correlated with the mar-
ket returns,

Why does the cointegration-based statistical arbitrage
perform better than the TEV statistical arbitrage? Given
the similarity of the empirical performance of the two
optimization strategies for index tracking that we have
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EXHIBIT

Statistical Arbitrage Performance of Cointegration-Optimal and TEV Portfolios with 30 Stocks

5

A. Entire Sample
coint TEV

Jan 1993 - Dec 2003 plus 0% plus 5%  plus 10%  plus 15% | plus 0% plus 5%  plus 10%  plus 15%
Annual return N/A 1.03% 0.93% 0.42% N/A 0.57% 0.12% -0.509%

Annual vol N/A 2.82% 5.15% 7.94% N/A 1.93% 3.88% 6.24%

minus 0% Skewness N/A -0.14 -0.13 -0.16 N/A 0.09 -0.01 -0.06
Xs kurtosis N/A 1.98 1.34 1.58 N/A 3.88 1.42 1.39

Correlation N/A 0.20 0.20 0.19 N/A 0.32 0.33 0.30

Sharpe ratio N/A 0.37 0.18 0.05 0.29 0.03 -0.09

Annual return -0.92% 0.11% 0.01% -0.50% -1.64% -1L.07% -1.52% -2.23%

Annual vol 4.77% 5.84% B.81% 11.75% 4.00% 4.73% 7.19% 9.70%

minus 5% Skewness -0.17 0.12 -0.14 -0.18 -0.34 -0.15 017 0:.17
Xs kurtosis 1.65 1.56 1.63 175 2.28 1.32 1.34 1.45

Correlation 0.16 0.23 0,20 0.20 0.19 0.29 0.29 0.27

Sharpe ratio -0.19 0.02 .00 -0.04 041 -0.23 -0.21 -0.23

Annual return 0.62% 0.41% 0.30% -0, 20% -2.07% -1.508% -1.95% -2.66%

Annual vol 7.27% 8.55% 11.52% 14,44% 6.10% 6.97% 9.41% 11.92%

minus 10% Skewness -0.15 -0.11 -0.13 -0.16 -0.26 -0.14 -0.16 -0.16
Xs kurtosis 1,57 1.51 1.57 1.68 1.72 127 1.30 1.38

Correlation 0.18 0.21 0.20 0.20 0.22 .28 0.28 0.27

Sharpe ratio -0.09 0.05 0.03 -0.01 -0.34 -0.21 -0.21 -0.22

Annual return -0.06% 0.98% 0.87% 0.37% -2,41% -1.84% -2.29% -3.0056

Annual vol 9.72% 11,108 14.04% 16.97% 8.22% 9.15% 11,599 14.08%

minus 15% Skewness -0.10 -0,08 -0.11 -0.13 0,21 113 -0.15 -0.15
Xs kurtosis 163 1.52 1.56 1.65 1.51 1.23 1.26 1.33

Correlation 018 0.21 0.20 0.20 023 0.28 0,28 0.27

Sharpe ratio -0.01 0.09 0.06 0,02 -0.29 (.20 -0.20 -0.21

documented, this is a surprising result.

To answer the question, we emphasize the practical
difference between tracking an index and tracking an
enhanced index. In the first case, one aims to identify the
portfolio that stays closest to a real index. Most portfo-
lios with a sufficient number of stocks are likely to stay
close to their market index, irrespective of the presence
of cointegration. In these circumstances, one cannot really
observe the advantage of a cointegration relationship
between the tracking portfolio and the benchmark.

The replication task becomes significantly more dif-
ficult when one aims to identify portfolios tracking arti-
ficial indexes that are designed to underperform or
outperform the actual index. In this case, ensuring a sta-
tionary spread between the portfolio value and the index
starts to pay off and enhances the out-of-sample perfor-
mance of the statistical arbitrage.

In fact, the mean reversion of returns prevents the
TEV-based statistical arbitrage from generating consistent
out-of-sample returns. Simply identifying the outper-
formers or underperformers in-sample does not guaran-
tee that relationships will continue out-of-sample. The fact
that the cointegration-optimal tracking portfolio is tied
to the artificial benchmark gives a more reliable basis for
statistical arbitrage.

Despite the more attractive features of the cointe-
gration-optimal statistical arbitrage, the average perfor-
mance of both models over the entire 11-year period from
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1993 through 2003 is not very encouraging. In terms of
Sharpe ratios, the best statistical arbitrage strategy outper-
formed the market index (a Sharpe ratio of 0.37, as com-
pared to 0.30), but most strategies had lower ratios. So, given
the time variability identified in the simple tracking per-
formance, and the fact that this seemed to deteriorate after
year 2000, we split the sample into two, 1993-1999 and
2000-2003, and report the results in Exhibit 5, Panel B.

Indeed, there is a great difference in the performance
of both statistical arbitrage models in 1993-1999 as com-
pared to 2000-2003. Sdll, the consistent result over both
subsamples is the dominance of the cointegration-optimal
statistical arbitrage over the TEV strategy. In the first sub-
sample, both models produce positive average returns with
relatively low volatility and distributions close to normal-
ity. The average Sharpe ratio produced by the best cointe-
gration statistical arbitrage is 1.12, while the highest average
Sharpe ratio produced by the TEV model is 0.97. The arbi-
trage returns tend to increase with the spread between the
benchmarks tracked, but so does their volatility. Thus the
best performance continues to be achieved with portfolios
tracking narrow spreads around the benchmark.

In the second subsample, 2000-2003, all statistical
arbitrage strategies generate negative returns and higher
volatility. We can put these losses into perspective if we
consider that the market index over the same period lost
an annual average of 4.8%, with an average volatility of
21%. The statistical arbitrage returns remained close to
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EXHIBIT 5 (continued)

Statistical Arbitrage Performance of Cointegration-Optimal and TEV Portfolios with 30 Stocks

B. Subsamples
coint TEV

Jan 1993 — Dec 1999 plus 0% plus 5%  plus 10%  plus 15% | plas 0% plus 5%  plus 10%  plus 15%

Annual return N/A 2.63% 3.56% 4.28% N/A 1.58% 2.01% 2.300%

Annual vol N/A 2.35% 4.78% 7.51% N/A 1.63% 3.69% 6.00%

minus 0% Skewness N/A -0.01 0.03 0.01 N/A 0.03 -0.07 0,06

Xs kurtosis N/A 0.46 0.69 0.75 N/A 1.07 1.00 1.47

Correlation N/A 0.09 0.15 0.16 N/A 0.16 0.24 0.24

Sharpe ratio N/A 1.12 0.74 0.57 N/A 0.97 0.54 0.38

Annual return -0).88% 1.75% 2.68% 3.41% -0.99% 0.59% 1.01% 1.30%

Annual vol 4.63% 5.809% 8.70% 11.48% 3.63% 4.62% 6.96% 9.32%

minus 5% Skewness 0003 0.05 0.03 0.01 -0.16 <0.09 -0.12 -0.11

Xs kurtosis (.48 .54 0.54 0.59 1.40 1.23 1.25 1.40

Correlation 0.21 0.21 0.20 0.19 0.30 0.29 0.28 0.27

Sharpe ratio -0.19 0.30 0.531 0.30 .27 0.13 0.15 0.14
Annual return 0.40%% 3.03% 3.96%% 1.68% 0,58% 1.00% 1.43% 1.729%

Annual vol 7.25% 8.56% 11.45% 14.23% 5.79% 6.85% 9.17% 11.53%

minus 10% Skewness 0.01 0.05 0.04 0.02 -0.14 -0.09 -0.12 -0.11

Xs kurtosis 0.45 0.506 0.55 0.59 1.25 1.17 1.19 1.31

Correlation 0.22 0.21 0.20 0.20 0.30 0.29 0.29 0.28

Sharpe ratio 0.05 0.35 0.35 0.33 -0.10 0.15 0.16 0.15

Annual return 2.19% 4.82% 575% 6.47% 0.08% 1.50% 1.93% 2.22%

Annual vol 9.79% 11.15% 14.01% 16.799% 7.97% 9.06% 11.38% 13.72%

minus 15%  Skewness 0.08 0.09 0.07 0.05 -0.12 -0.09 <0.11 -0.11

Xs kurtosis 0.65 .69 0.64 0.66 117 1.12 1.15 1.25

Correlation 0.22 0.21 0.20 0.20 0.30 0.29 0.29 0.28

Sharpe ratio 0.22 0.43 0.41 0.39 -0.01 0.17 0.17 0,16

coint TEV

Jan 2000 - Dec 2003 plus 0% plus 5%  plus 10%  plus 15% | plus 0% plus 5%  plus 10%  plus 15%
Annual return N/A 1.80% -3.76% -6.44% N/A -1.23% 3.230  -5.73%

Annual vol N/A 3.49% 5.73% 8.64% N/A 2.38% 4.19% 6.64%

minus W Skewness N/A -0.12 -0.24 -0.33 N/A 0.20 0.08 -0.04

Xs kurtosis N/A 1.59 1.61 2,19 N/A 3.84 1.77 1.23

Correlation N/A 0.28 0.25 0.23 N/A 0.45 0.44 0.37

Sharpe ratio N/A -0.52 -0.66 -0.75 N/A -0.52 -0.77 -0.86

Annual return -1.00% -2.80% -4.76W -7.44% -2,78% -4.01% -6.02% -8.51%

Annual vol 5.00% 5.90% 9.00% 12.21% 4.58% 4.91% 7.57% 10.33%

minus 5% Skewness -0.38 -0.40 -0.42 -0.44 -0.40 -0,22 <021 -0.23

Xs kurtosis 3.14 3.22 3.27 3.28 243 1.40 1.40 1.40

Correlation 0.10 0.25 0.22 0.20 0.09 0.30 0.29 0.28

Sharpe ratio -0.20 -0.48 -0.53 -0,61 -0.61 -0.82 -0.79 -0.82

Annual rerurn -2.44% ~4.24% -6.19% -8.88% -4.71% -5.94% -7.94% -10.44%

Annual vol 7.30% 8.54% 11.62% 14.81% 6,62% 7.16% 9.82% 12.57%

minus 10% Skewness -0.43 -0.40 -0.42 -0.44 -0.37 -0.21 -0,20 .22

Xs kurtosis 351 3.18 3.24 3.27 2.02 1.40 1.40 1.39

Correlation 0.13 0.23 0.21 0.20 0.14 0.28 0.28 0.27

Sharpe ratio -0.33 -0,50 -0.53 -0.60 -0.71 -0.83 -0.81 -0.83

Annual return -1.05% -5.83% -7.81% -10.49% -0.56046 -7.79% -9.79% -12.20%%

Annual vol 9.59% 11.01% 14.08% 17.26% 8.64% 9.31% 11.96% 14.70%

minus 15%  Skewness -0.44 -0.39 -0.41 -0.43 -0.32 -0.19 0.19 -0.20

Xs kurtosis 3.49 302 311 317 1.86 1.40 1.40 1.39

Correlation 0.15 0.22 V.21 .20 0.16 0.27 0.27 0.26

Sharpe ratio -0.42 -0.53 -0.55 -0.61 -0.76 -0.84 -0.82 -0.84

30 stocks. Calibration period 3 years. Rebalanced every 2 weeks.

market-neutrality during this period, so for the cause of
their ineffectiveness one has to look beyond the general
market decline in the period analyzed.

In fact, the reason for the poor performance lies in
the features of the calibration period. The three years pre-
ceding 2000 and the years 2000-2002 were marked by sev-
eral market crises in a general background of increased
volatility. The long-run equilibrium relationships between
sectors and industries were affected. The calibration of sta-
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tistical arbitrage portfolios on such eventful samples is
very difficult—it is the quality of the calibration data that
is responsible for their poor out-of-sample performance.

These results illustrate only the raw performance of
the statistical arbitrage strategies. There is considerable
scope for enhancement, by using stock selection, appro-
priate calibration periods and rebalancing frequencies, or
by imposing portfolio constraints.

To summarize the results in this section, both strate-
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gies yield returns according to the spread between the
benchmarks tracked, and have less volatility than the mar-
ket, low market correlations, and near-to-normal return
distributions. We find these results depend on the qual-
ity of the calibration data, and that optimizing portfolios
on stressed samples is risky. Targeting wider spreads is
penalized in terms of volatility and transaction costs, so
the net returns are not linearly related to the arbitrage
spread. We have shown that the benefit of ensuring a coin-
tegration relationship with the benchmark pays off for the
statistical arbitrage strategies, which clearly dominate their
TEV equivalents.

CONCLUDING REMARKS

The theoretical benefits of a cointegration relation-
ship berween a tracking portfolio and its benchmark are
clear. The two are tied together in the long run; their price
spread has minimum volatility; and the model makes full
use of the information in stock prices, including that in
their common trends.

We conduct a thorough investigation of trading
strategies based on cointegration in a realistic out-of-sam-
ple framework. Tests of the empirical performance of sim-
ple index tracking portfolio optimization models show that
the out-of-sample performance of cointegration-based
strategies 1s similar to that of the traditional tracking error
variance-minimizing model.

Ensuring a cointegration relationship between a
tracking portfolio and the index does not seem to bring
any obvious advantage or cost. This is merely because, if
enough stocks are included in the portfolio, most mod-
els will return a reasonably good index tracking perfor-
mance, even when there is no cointegration relationship.

Yet our comparison of the cointegration-optimal and
TEV statistical arbitrage strategies has revealed some inter-
esting results. Depending on the characteristics of the
calibration data for statistical arbitrage portfolios, both
strategies yield returns according to the spread between
the benchmarks tracked, and have less volatility than the
market, low market correlations, and near-to-normal
return distributions. But the cointegration-optimal sta-
tistical arbitrage strategies clearly dominate their TEV
equivalents over a sample spanning ten years.

Thus the benefit of cointegration relationships
appears to be that they are more robust, out-of-sample, than
relationships that are identified on returns. This ensures a
reliable foundation for statistical arbitrage, reducing the risk
of overhedging and the associated trading costs.
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ENDNOTES

'See Alexander [1999] for a survey of this literature.

*According to Beveridge and Nelson [1981], a variable has
a stochastic trend and is integrated of order one, if its first differ-
ence has a stationary invertible ARMA(p, q) representation plus
a deterministic component.

*Optimization methods are normally based on current-
weighted, i.e., reconstructed benchmarks.

‘The use of regression to determine optimal stock hold-
ings for tracking a constant weighted index dates to Hersom, Sutt,
and Szego [1973]. The novel idea in the cointegration regression
is to determine the holdings using a prices on prices (or log
prices on log prices) regression.

s well-known limitations (small-sample problems, asymme-
try in treating the variables, at most one cointegration vector) are not
effective in this case. Qur estimation sample is typically large; there is
astrong economic background to treat the market index as the depen-
dent variable; and identifying only one cointegration vector, i.e., one
cointegration-optimal portfolio, is sufficient for our purposes. More-
over, from all cointegrated vectors that can be identified through the
maximum-likelihood method of Johansen [1991], the OLS estimated
coefficients ensure the lease volatile spread between the portfolio value
and the benchmark value.

“Instead of a two-stage process, i.e., normalizing the coef-
ficients after estimation, the unit-sum constraint is normally imple-
mented directly using a constrained least squares method. Indeed
this approach must be taken when additional constraints such as
no short sales or maximum exposures are imposed on stock weights.

"The retum difference between the tracking portfolio and the
benchmark is called tracking error. This terminology differs from the
practitioner’s use of this term. Practitioners define the tracking
error itself as the standard deviation of the returns difference
between the portfolio and the benchmark. We call the (squared)
standard deviation of the return difference the tracking error variance.

*To ensure that the survivorship does not impact the rela-
uve performance statistics, we test an alternative database, com-
prising the stocks included in the DJIA at the beginning of 1990;
the results are very similar to results obtained for the database of
stocks in the DJIA at the end of 2001. This confirms that the rel-
ative performance is not affected by a potential survivorship bias.

’Index30 is the price-weighted portfolio of all stocks; that
is, the reconstructed DJIA.

"If we assume that the highest-priced stocks had above-aver-
age performance prior to the stock selection moment, their below-
average performance over the next two weeks following the
portfolio construction moment indicates mean reversion in stock
returns. This phenomenon has been extensively studied (e.g., De
Bondt and Thaler [1985]; Lo and MacKinlay [1988]; Poterba and
Summers [1988]; and Jegadeesh and Titman [1993]), and behav-
ioral explanations have been provided for it (e.g., Odean [1999];
De Long et al. [1990]; Lakonishok, Shleifer, and Vishny [1994];
and Shleifer and Vishny [1997]).

""This is the result of the leverage effect (Black [1976];
Christie [1982]; French, Schwert, and Stambaugh [1987]) and the
presence of positive feedback. An initial sell reaction to some bad
news will be followed by more selling, driving prices faster below
their fundamental levels (De Long et al. [1990]).
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